INTRODUCTION
Consider the autonomous ordinary differential equation
with x E R a parameter and y E R. Let us suppose that g(x, 0) = 0 and that g(x, y) = 0 on a second curve C that passes through (b, 0) and is situated as in Fig. 1 . Suppose in addition that (ag/ay)(x, 0) is negative for x < b and positive for x > b. Then the flow of (1) is in the direction of the arrows shown in Fig. 1 . Thus the equilibrium y = 0 loses stability as x increases past b. The equilibria on C near (b, 0) are unstable for x < b and stable for x > b. Now let us assume that the parameter x is itself slowly varying:
= EF(X, y, E), i = G(x, Y, 8).
For each fixed E, (2,) is an autonomous ordinary differential equation in the xy-plane. We assume G(x, y, 0) = g(x, y). Then when E = 0 we recover (1); however, (2,) , as a flow in the xy-plane, is quite degenerate, since the x-axis and C consist of equilibria. In fact (2) is a typical singular perturbation problem. We also assume G(x, 0, E) -0, i.e., the x-axis is invariant under the flow of (2,) for each E. We further assume F> 0 everywhere, so that for positive E, x is increasing under the flow of (2,) . Consider the integral curve of (2,) that starts at (X, 6), where X < b and 6 > 0 is not too big. If E > 0 is small, this curve descends toward the x-axis, moves slowly to the right past x = b, and eventually moves upward. Denote the next intersection of this curve with the line y = 6 by (p:(x), 6). We are interested in lim E +0 p:(X). We shall show that if X is not too far from b, 131 then this limit exists and is independent of 6 for 6 sufficiently small. In fact lim, _ 0 P:(X) is the function P(X) = min {Z: X< I and j$ (aG/ay) (x, 0, O)[F(x, 0, 0)] -'dx > 01. Setting the integral equal to zero balances attraction toward the x-axis for x < b against repulsion from the x-axis
This result will be proved as Theorem 1 in Section 2. We note that Haberman [ 1 ] came to a similar conclusion in his study of asymptotic expansions for a related problem, but he did not give a rigorous proof.
Theorem 1 has the following interesting consequence, which Haberman also observed. If (1) represents a physical system, one expects to observe it in a stable equilibrium. Thus if the parameter x is slowly increased past b, one expects, roughly speaking, to observe the equilibrium y = 0 for xc b and then the stable equilibria on C that branch from (b, 0). Suppose, however, that -II-, b, p(X), P, and Q are as shown in Fig. 1 . If E > 0 is small, the integral curve of (2,) that starts at P falls toward the x-axis, moves slowly along the x-axis until x N p(i), then rises toward Q. Thus the branch of stable equilibria of (1) that appears at (b, 0) is inaccessible from P if E is small, i.e., if the parameter x is varied very slowly. Roughly speaking, the unstable solution of (1 ), y = 0, is observed for b < x < p(X). Thus a carefully controlled experiment produces an unstable outcome with enough persistence that a particular stable outcome cannot be observed.
Lebovitz and Schaar [2] study different hypotheses on (1) and (2,) under which this somewhat counterintuitive situation does not occur.
In Section 3 we study closed orbits of a singularly perturbed autonomous ordinary differential equation that arose in work of Selgrade and Namkoong on genetics [3] . After a change of variables the Selgrade-Namkoong equation has the form (2) and looks like Fig. 1 when E = 0. For small E, F is positive near the x-axis but negative near the top part of C. Thus the slow evolution of x for E > 0 moves points near the xaxis to the right and points near the top part of C to the left. We show that for each small E >O the Selgrade-Namkoong equation has closed orbit, and that as E + 0 these orbits limit on the following set: follow the x-axis from (a, 0) to (p(X), 0) (2 is the x-value at which the top part of C turns), ascend along the line x= p(X) to C, follow C to the left until x=X, and descend along the line x = X to (X, 0). Selgrade and Namkoong observed these closed orbits numerically, but did not accurately find their limit or prove their existence. Our result is analogous to a result of Stoker [4] about relaxation oscillations in the unforced Van der Pol equation. A difference is that in the case of Van der Pol's equation the limit of the closed orbits is apparent to geometric intuition, but in the Selgrade-Namkoong equation it must be computed with the aid of Theorem 1.
We remark that the hypothesis G(x, 0, E) -0 is of course not generic. In the Selgrade-Namkoong equation this hypothesis expresses the assumption that if an allele is initially absent from a gene pool, it remains absent.'
PERSISTENT UNSTABLE EQUILIBRIA
The result to be proved here is somewhat more general than that sketched in the Introduction.
Let N be a neighborhood in R3 of {(x, y, E): a<x< c, y=O, E =O}. Consider the differential equation (2, is an interval Z= [X -r~, X + r~] such that p[Z is C'. We may assume that if x E Z then (aG/ay)(x, 0,O) < 0 and (aG/ay)(p(x), 0,O) > 0.
Consider, for E > 0, the differential equation (3,) obtained from (2,) . For each CI > 0 and E > 0 define the differential equations
The general solution of (4:' ), obtained by separating the variables, is
where H" + (x) is an antiderivative of If 6 > 0, the solution of (4; * ) through (x, 6) has K= G[exp Ha* (x)] -"'. This curve reintersects the line y = 6 at points (2, 6) such that Ha* (2) = H**(x).
Note that neither 6 nor E appears in (5).
One solution of (5) is I = x. Other solutions satisfy
Let J be a closed interval such that Zup(Z) cintJcJc (a, c). Define I$=* onZxJby
Then do* -4 in C'(Zx J, R) as CI + 0. Define p"*(x) implicitly by qY'(x, p"'(x))=O, p"'(X) near p(X). Then for positive a less than some number Cc > 0, F(x, 0,O)Ta > 0 on J, pa' E C'(Z, J), p"' + p in C'(Z, J) as a --t 0, Pa + (x) < P(X) < P" - (x) for all x E Z, (6) and 2 = p"' (x) is th e smallest solution of (5) that is greater than x. We may also assume cl is so small that (aG/ay)(x, 0,O) + 01< 0 if x E I and 0 <o! < Or, and there is a fixed interval containing pa* (I) for all 0 < a < ii such that (iYG/ay)(x, 0,O) + CI > 0 if x belongs to this interval and 0 < tl6 Cr. 
By (7) and the choice of Cr, if XEZ, 0~6 <6(x), O<E <E(U), then the solution curve of (3,) or (4:' ) that starts at (x, 6) reintersects the line y = 6; moreover these solution curves do not leave P before they reintersect y = 6. See Fig. 2 . Therefore (7) implies that if x E Z, 0 < 6 6 6(a), and 0 < E < E(c(), then
By (7), (8), and the choice of a, the vector field (2,) is transverse to the line Y = 6 at (pf(x), 6) f or x E Z, 0 < 6 < 6(E), and 0 < E 6 s(g). Therefore p,6 is C' on Z for small 6 and E. 
Choose a closed interval I with X E int Zc fc intl such that G(x, y, 0) < 0 for x E f and 0 < y < 6. For x E Z and 0 < 6 < 8 define q:(x) as follows: the first intersection of the integral curve of (2,) that starts at (x, S) with the line y = 6 is (q:(x), 6). For each fixed 6, q; + id in C'(Z, R) as E + 0.
Similarly, choose a closed interval R with p(I) c int Kc Rc int p(Z) such that G(x, y, 0) > 0 for x E R and 0 < y < 6. (If this cannot be done, shrink 1) For x E K and 0 < 6 < 8 define r:(x) as follows: the last intersection of the integral curve of (2,) that ends at (x, S) with the line y = 6 is (r:(x), 6). For each fixed 6, rl+ id in C'(K, R) as E + 0.
Sincept=(rf)-'opfoqi, (9), (lo), and (11) imply thatpi+p in C"(Z, R) as E + 0. 1
CLOSED ORBITS OF THE SELGRADE-NAMKOONG EQUATION
Selgrade and Namkoong [3] consider the autonomous ordinary differential equation P = P(1 -P)(@(P, N) -WP, N)), I+= NP@(P, N) + 41 -P) Y(P, N)) (12,) where @(p,N) = 4-2N+2tanP1(8p-4) !P(p,N) = 22N+tan-' (12~ -6), and E > 0 is a parameter. They are interested in solutions that lie in the strip ((p, N): 0 6 p < 1, 0 < N), whose boundary is invariant under the flow of (12,) for all E. When E = 0, the hyperbolas N( 1 -p) = constant are invariant, and the N-axis and the curve @(p, N) = 0 consist of equilibria. For E > 0 there are just four equilibria, at (0, 0), (1,O) (0.5,2), and (0, c), where c = 2 + tan-'( -6) = 0.5943524....
Selgrade and Namkoong show that as E decreases toward 0, a Hopf bifurcation occurs at the equilibrium (0.5,2) at E = 0.5. Stable closed orbits are produced for E < 0.5, 1s -0.51 small. Numerical work indicates that these stable closed orbits persist as E + 0. Selgrade and Namkoong assert, on the basis of their numerical work, that the family of closed orbits produced by Hopf bifurcation limits, as E + 0, on a set whose description is the same as that of S except that e is replaced by c. In contrast to c, the number e has no obvious geometric significance. It is computed from d with the aid of Theorem 1. Theorem 2 does not rule out the existence of closed orbits for (12,) other than those it describes, so it is a priori possible that (12,) has closed orbits that limit on the set proposed by Selgrade and Namkoong. However, numerical evidence indicates that for small E > 0, (12,) in fact has a unique closed orbit close to S. For example, for E = 0.01 numerical integration of (13,), defined below, indicates a unique closed orbit with minimum v-value between 0.5975 and 0.5976. This closed orbit of (13,,,) corresponds to a FIGURE 3 closed orbit of (12,,,) tangent to the hyperbola N( 1 -p) = a value between 0.5975 and 0.5976, consistent with Theorem 2.
Proof of Theorem 2. Motivated by the invariance of the hyperbolas N(l -p) = constant under the flow of ( 120), we make the change of variables
The strip {(p, N): 0 <p < 1, 0 <IV} is transformed into the strip {(u, u): Odu< 1, 06u}, and (12,) becomes
The lines u = constant are invariant under the flow of ( 130), and the u-axis and the curve A(u, u) = 0 consist of equlibria. See Fig. 4 . The set S is transformed into the following set S': From (0, e) follow the line u = e to the right until it meets the curve A(u, u) = 0; follow A(u, u) = 0 to the left until u attains a local maximum, which occurs at u = d; follow the line u = d to (0, d); return to (0, e) along the u-axis. We shall prove Theorem 2 by showing that any neighborhood of S' in {(u, u): 0 d u < 1, 0 < u} contains a closed orbit of (13,) for all sufficiently small E > 0. tions, and the unique value of v" that makes the integral zero can be computed by Newton's method. We set e equal to this value of v", e = 0.5976391.... For 6 >O and E >O small, define pi(o) for u near d as follows: The integral curve of (13,) that starts at (6, u) first reintersects the line u = 6 at (6, p,S(v)). Theorem Let P, = (6, e -$(2/?)). We assume /I is chosen so small that P, E R; for all sufficiently small E > 0. See Fig. 6 . Let P, be the point on B(u, u) = 0 such that 0 < u(Pz) < 0.5, u(Pz) = u(P1) -/3, and the curve B(u, u) = 0 is rising at P,.
Definef(u), I < u < 1, implicitly by A(u, f(u)) = 0. Let P3 be the point on the curve u =f(u) + /? with u(P3) = u(P*). Let P, be the point on the curve u =f(u) + /? with u(P4) = I + 8. We assume b is so small that the portion of the curve u =f(u) + fl between P3 and P, lies in R; for all sufficiently small E > 0. Notice that d < u(P4) if fl is small, and u(P4) < d+ /?. Let P, = (6, d+ 2/O.
In the sequel, m denotes the line segment from P to Q. Let QI = (6, e+ $(28)). Let Q2 be the point on B(u, u) =0 such that 0 < 4Qz) < 0.5, u(Qz) = u(Ql), and the curve B(u, u) = 0 is rising at Qz. We assume p is chosen so small that Q, Q2, except for Q2, lies in R; for all sufficiently small E > 0. Let Q3 be the point on the curve u =f(u) Let Hi be the horseshoe-shaped region bounded by P,, m, Q2Qj, thecurveu=f(u)-/?fromQ,toQ,,m,m, Q,P,, P,P4, thecurve u =f(u) + fl from P4 to P,, mp,, m.
For all sufhciently small E > 0, the vector field (13,) points into Hi at every point on the boundary of Hs except points of Q,P,. Since (13,) has no equilibria in Hi for E #O, for --each suffkiently small E > 0 there is a continuous map g, : P, QI + Q6 P, given by g,(P) = first intersection of the integral curve of (13,) that starts --at P with Q6 P,. Define h, : Q, P, --+ PI Q, by h,(Q) = first intersection of the integral curve of (13,) that starts at Q with P,Q, = (6, p:(u)) if Q = (6, u). Then h, is defined for E > 0 sufficiently small by the definition of $. Set k, = h, 0 g,. Since k, maps m to itself, it has a fixed point P,. The integral curve of (13,) through P, is closed and lies in Hi u [0, S] x [e-$(2/I), d+2/?]. By choosing 6 and /? small, we can find a set of this form inside any neighborhood of S' in ((u, u): 0~ UC 1, O,<u}. 1
